The role of multimode vibrational dynamics in electron transport through single molecule junctions is investigated. The study is based on a generic model, which describes charge transport through a single molecule that is attached to metal leads. To address vibrationally-coupled electron transport, we employ a nonequilibrium Green's function approach that extends a method 
I. INTRODUCTION
Experimental studies of single molecule conductance 1, 2, 3, 4 have revealed a wealth of interesting transport phenomena and have stimulated great interest in the basic mechanisms that determine electron transport on the molecular scale. 5, 6, 7 Thereby, effects due to coupling between electronic and nuclear degrees of freedom have been of particular interest. 8 The small size and the low mass of molecules may result in strong coupling between electronic and nuclear degrees of freedom. 9, 10 Vibrational structures in molecular conductance have been observed for a variety of different systems. 9, 11, 12, 13, 14, 15, 16, 17, 18, 19 Electronic-vibrational coupling can result in excitation of the vibrational modes of the molecular bridge as well as local heating. 15 Conformational changes of the geometry of the conducting molecule are possible mechanisms for switching behavior and negative differential resistance 20 . Furthermore, the observation of vibrational structures in conductance measurements allows the unambiguous identification of the molecule in the junction.
These experimental findings have inspired great interest in the theoretical modeling and simulation of vibrationally-coupled charge transport in molecular junctions. 8, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37 A variety of different approaches have been used to study the influence of the vibrational degrees of freedom on single molecule conductance, including inelastic scattering theory, density matrix approaches and nonequilibrium Green's function methods. Green's functions are particularly well-suited to study many-body and vibrational nonequilibrium effects. Employing perturbation theory, nonequilibrium
Green's function methods have been applied in the off-resonant tunneling regime to study, e.g., inelastic tunneling spectra. 25, 26, 36 In this regime, the effective electronic-vibrational coupling is typically small and perturbation theory valid. Galperin et al. have recently proposed a method that allows the study of vibrational effects in the resonant transport regime. 33 This method is based on a polaron transformation of the Hamiltonian and employs perturbation theory within a self-consistent scheme to solve the equations of motion for the nonequilibrium Green's function.
In the original formulation, 33 the method of Galperin et al. is limited to the treatment of a single vibrational mode that is coupled to a thermal bath. In this paper, we extend this Green's function method to allow the treatment of several vibrational degrees of freedom.
Moreover, we outline a scheme that allows the calculation of current-induced vibrational excitation and thus to study vibrational nonequilibrium effects. The methodology is applied to two different systems: a generic model of a molecular junction with two active vibrational modes as well as charge transport through benzenedibutanethiolate covalently bound to gold electrodes based on a recently developed 38 first-principles model.
II. THEORY A. Model
To study vibrationally-coupled electron transport through a molecular junction, we consider a generic tight-binding model, 33, 39 where a single electronic state localized on the molecule is coupled to respective states in the left (L) and right (R) leads by tunneling matrix elements V k ,
To account for the effect of relaxation of the vibrational modes, induced by anharmonic interactions and coupling to phonons in the electrodes, we adopt a linear response model for vibrational relaxation. 33, 39 Within this model, the normal modes of the molecule are coupled linearly in Eq. (2.1) to a thermal bath of secondary modes. Thereby, b † β denotes the creation operator for a bath mode with frequency ω β and U αβ determines the system-bath coupling strength. All properties of the bath, which influence the dynamics of the system are characterized by the spectral density
In the applications considered below, we have used an Ohmic spectral density
Here, the characteristic frequency ω cα defines the maximum of the spectral density and the overall coupling strength is determined by η α . Both values may depend on the specific system mode α.
To apply (self-consistent) perturbation theory within the nonequilibrium Green's functions approach considered below, it is expedient to remove the direct coupling terms between electrons and vibrations in the Hamiltonian, λ α Q α (c † c − δ). To this end, we apply a standard canonical transformation, also referred to as Lang-Firsov (or small polaron) transformation 42, 43 H ≡ e S He −S , (2.4)
The electronic-vibrational coupling manifests itself in the transformed Hamiltonian (2.4) in a polaron shift of the electronic energy 5) and in the shift generator X that dresses the molecule-lead couplings V k .
B. Nonequilibrium Green's function approach
To describe transport properties for the model introduced above, we employ a nonequilibrium Green's function method, which was proposed by Galperin et al. 33 Here, we generalize this method for applications to multiple vibrational system modes and outline how this method can be used to calculate vibrational properties.
The central quantity in nonequilibrium Green's function theory is the electronic Green's function on the molecular bridge
where T c denotes the time-ordering operator along the Keldysh contour 44 and the subscripts H/H indicate the Hamiltonian that is used in the calculation of the respective expectation value. Most expectation values considered below refer to H, for which the corresponding subscript is omitted in the following.
Following Galperin et al., 33 the electronic Green's function G(τ, τ ) is factorized,
into a correlation function of the shift generator, T c X(τ )X † (τ ) , and an electronic Green's function, G c (τ, τ ), with
This factorization is valid in the limit of weak molecule-lead coupling corresponding to a relatively long residence time of the electron on the molecular bridge. This is the regime, where vibrational effects are expected to be particularly pronounced. 
where G 0 c denotes the electronic Green's function for vanishing electronic coupling (i.e. V k = 0). The self energy Σ c (τ, τ ), introduced in Eq. (2.9), comprises all interactions of the electronic degrees of freedom on the molecule with those in the leads and the vibrational modes and is given by
,
The above expression holds to second order in V k , i.e. for weak molecule-lead coupling.
To extend the validity to moderate coupling, which is particularly important to describe vibrational effects in resonant electron transport, higher order terms are taken into account.
To this end, a self-consistent scheme is introduced by replacing the last G 
It is noted that Eq. (2.11) gives the exact electronic Green's function for vanishing electronicvibrational coupling (i.e. λ α = 0).
Projection of Eq. (2.11) onto the real time axis, according to analytic continuation rules, 46 and Fourier transformation of the resulting equations gives a Dyson equation 12a) and a Keldysh equation 
where
a (τ ) denotes the correlation matrix of the momentum vector P a , in the following referred to as the vibrational Green's function. In the limit 
and
The off-diagonal elements of the self energy matrix Π el describe interactions between The equations for the electronic and vibrational Green's functions outlined above have to be solved self-consistently. We employ the following self-consistent scheme: 33 As a starting point we use the free electronic and vibrational Green's functions. The free vibrational
Green's function D 0 enters the shift generator correlation function according to Eq. (2.13).
Next, the shift generator correlation function is convoluted with the bare self energy Σ 
C. Observables of interest
Several observables can be considered to study the effects of vibrational motion on charge transport through single molecule junctions. Here, we will focus on the current-voltage characteristic, the differential conductance and the vibrational nonequilibrium distribution.
Based on the self-consistent result for the Green's function, the current through lead K (K ∈ {L, R}) induced by an external dc-bias Φ is obtained employing the formula of Meir,
Wingreen and Jauho

45,47,48
Thereby, the factor two accounts for spin degeneracy. The differential conductance is given
It is noted that the scheme outlined above conserves the number of electrons and thus obeys Kirchhoff's law, I L = −I R . Furthermore, as there is no direct electron-vibrational coupling term in the Hamiltonian H, the symmetrized current I = 1/2 (I L − I R ) can be expressed in terms of a transmission function T (E)
Here, we have introduced the nonequilibrium distribution function 20) and the width function
Another interesting observable to investigate vibrationally-coupled electron transport in molecular junctions is the nonequilibrium vibrational distribution. Due to current-induced excitation and deexcitation of the vibrational modes, the vibrational distribution in the stationary state may differ significantly from its equilibrium distribution. To study such vibrational nonequilibrium effects, we consider in this work the average occupation number of different vibrational modes
Within the self-consistent Green's function approach employed here, n α is given (up to second order in the system-bath interaction U αβ ) by the expression
Thereby, n c = c † c H denotes the stationary population of the molecular electronic state.
The derivation of Eq. (2.23) is outlined in the Appendix.
III. RESULTS AND DISCUSSION
The methodology outlined above has been applied to two different systems: A generic model for a molecular junction including two vibrational modes and charge transport through benzenedibutanethiolate coupled to gold electrodes. In the latter system the four most strongly coupled vibrational modes have been taken into account.
A. Generic model system with two vibrational degrees of freedom 
where the corresponding level-width function reads is coupled to an Ohmic bath as described by Eqs. (2.2), (2.3). Thereby, the characteristic frequencies of the bath spectral density were chosen to coincide with the frequency of the respective system mode, i.e. ω cα = Ω α . A relatively weak system-bath coupling strength was used, η α = 0.001, corresponding to vibrational relaxation times of about 0.1-1 ps. In principle, the thermal bath couples the two vibrational modes with each other. This interaction is neglected in the calculation presented below. Hence, the retarded projection of the We next consider the resonant transport regime, which is found for voltages Φ 1.5 V. the electronic state on the molecular bridge is essentially unoccupied (cf. Fig. 3 ). For higher voltages, the electronic population on the molecular bridge is no longer negligible and, therefore, also transitions from the vibrational states in the molecular anion to those in the neutral system contribute to the current. Because, in the present model, the vibrational frequencies are the same for both electronic states, features related to these transitions appear at the same voltages and cannot straightforwardly be distinguished. The population of the electronic state is depicted in Fig. 3 . The electronic population increases with bias voltage in a step-like fashion similar to the current-voltage characteristic (cf. Fig. 2(a) ). In contrast to the current, which decreases for large voltages due to the finite band width, the population increases for larger voltages and exceeds the wide-band limit, which is 0.5 for a symmetric junction.
If vibrational nonequilibrium effects are neglected (Π el = 0, solid gray line), the molecule is (due to the low temperature) in its vibrational ground state. Correspondingly, the transmitting electrons can only induce transitions starting from the vibrational ground state.
The lowest peak in the conductance corresponds predominantly to the transition from the vibrational ground state in the neutral molecule to the vibrational ground state of the anion.
Due to the polaron shift (cf. Eq. (2.5)), which accounts for the difference between the vertical (purely electronic) and adiabatic transition energy, this peak appears at a lower bias voltage (Φ ≈ 2 0 , with 0 = 0.874 eV) than the peak in the purely electronic calculation. According to the moderate coupling parameters, λ 1(2) /Ω 1(2) = 0.6, this conductance peak has the largest intensity. Several resonance structures appear at larger voltages. These structures
can be approximately associated with vibrationally excited states in the molecular anion.
The relative peak heights follow qualitatively the respective Franck-Condon factors. However, the intensities do not coincide with the relative Franck-Condon factors because both electron and hole transport contribute to the current. processes. Some of the structures involve both excitation and deexcitation of vibrational modes. For example, the peak at Φ ≈ 1.45 V is associated to emission of energy to mode (1) and absorption of energy from mode (2). Similar processes are found for higher voltages. The position of features that exist only due to absorptive processes is highlighted by thin dashed lines. For voltages Φ 1.75 V, the current including vibrational nonequilibrium effects is found to be smaller than the current neglecting such effects. This is in agreement with previous model studies. 49 The reduced current reflects the fact that transitions between the neutral molecule and the anion are suppressed for a vibrationally excited molecular bridge.
The findings discussed above are corroborated by Fig. 4 , which shows the nonequilibrium vibrational excitation n 1(2) in the stationary state. For voltages in the resonant regime (Φ > 1.5 V), the results exhibit pronounced vibrational excitation, corresponding to a significant deviation of the nonequilibrium vibrational distribution from the equilibrium distribution.
Because excitation of mode (1) requires less energy than that of mode (2), and because of the equal coupling parameters λ 1(2) /Ω 1(2) = 0.6, n 1 is systematically larger than n 2 . The vibrational occupation numbers exhibit steplike changes at the same bias voltages as the current. 49 In contrast to the current-voltage characteristic, however, at some steps the vibrational excitation decreases, corresponding to absorptive processes.
Finally, we discuss the coupling of the two vibrational modes mediated by the electronic degrees of freedom. Technically, this coupling is described by the off-diagonal elements of the self energy Π el , which depend both on the electronic molecule-lead coupling and the electronic-vibrational coupling. Because the coupling of the vibrational modes is mediated by the electronic degrees of freedom, it would enter a perturbative description only in second 
B. Benzenedibutanethiolate
As a second application, we consider electron transport through p-benzenedi(butanethiolate) (BDBT) bound to gold electrodes. This system was chosen because the butyl spacer group acts as an insulator between the electronic π-system of benzene and the gold electrodes. Compared to benzenedithiolate, 50 the residence time of the electron on the molecular bridge is thus significantly longer, which results in pronounced vibrational effects.
In recent work, we have developed a first-principles model to describe vibrationally-coupled electron transport through BDBT and studied conductance properties employing inelastic scattering theory. 38 Here, we apply the nonequilibrium Green's function approach outlined above to investigate charge transport through BDBT.
The details of the model are described in Ref. 38 . Briefly, electron transport through BDBT is dominated by two electronic states localized at the molecular bridge (denoted A and B in the following). The energies of these two states are located at A = −1.38 eV, B = −1.77 eV with respect to the Fermi energy of the junction. As a result, the states are occupied in equilibrium, corresponding to δ = 1. The model includes the four most strongly coupled vibrational modes. The parameters of these modes are given in Tab. II. Vibrational relaxation is described in the same manner as for the model system considered above.
Strictly speaking, the nonequilibrium approach outlined above can only be applied to a single electronic state on the molecular bridge. The extension of the approach to allow the description of multiple electronic states will be the subject of future work. In the system considered here, the electronic states are well separated from each other (with respect to the corresponding level broadening, Γ K ), and, furthermore, at least three vibrational quanta are required to bridge the electronic energy gap, A − B ≈ 0.37 eV. Therefore, we neglect coherences between the two electronic states and calculate the overall current as the sum of the currents obtained separately for the two states. This approximate treatment is supported by purely electronic as well as inelastic scattering theory calculations that include both electronic states simultaneously.
38
We start our discussion with the conductance in the inelastic tunneling regime, shown in Electronically mediated mode-mode coupling described by the off-diagonal elements of the self energy matrix Π el has negligible influence on the results (data not shown). In view of the very similar frequencies of modes (b) and (c), this finding is at first glance surprising.
The difference of their frequencies, Ω c − Ω b , is, however, large compared to the electronic level broadening Γ K thus effectively reducing the mode-mode coupling.
In a recent study, we have investigated vibrational effects in charge transport through BDBT employing inelastic scattering theory. 38 Inelastic scattering has the advantage that the transmission process of a single electron is described numerically exactly. The calculation of the current, however, involves the assumption that the vibrational degrees of freedom of the molecular bridge relax to their equilibrium distribution between two consecutive electron transmission processes. Furthermore, the scattering theory approach cannot account straightforwardly for the nonstationary electronic occupation of the molecular states and, therefore, fails if the molecular levels, which determine the transport, are located close to the Fermi energy. the current in the Green's function calculation.
49
To conclude this section, we consider nonequilibrium vibrational excitation induced by the current through the BDBT junction. Fig. 9 shows the average vibrational excitation of the four modes. It is seen that in the resonant transport regime the current results in significant deviations from the equilibrium distribution. Overall, the amount of excitation of the four modes follows the value of the dimensionless vibronic coupling λ α /Ω α . In particular mode (a), which has the strongest vibronic coupling, acquires pronounced excitations in the stationary state.
Current-induced excitation of vibrational modes competes with relaxation of vibrational energy due to system-bath coupling and thus depends on the timescale of vibrational relaxation. The influence of the relaxation time is illustrated in Fig. 10 for the strongest coupled mode (a). The results obtained for different values of the system-bath coupling strength, η α , show the increase of vibrational excitation for longer vibrational relaxation times. In the limit of negligible vibrational relaxation (η α = 0), mode (a) is excited to rather high quan-tum numbers (n a > 20). The corresponding energy is still smaller than typical dissociation energies of a C-C or a C-H bond (E diss > 3 eV). In this regime, however, the harmonic approximation ceases to be valid and anharmonicities should be taken into account.
IV. CONCLUSIONS
In this paper we have studied the effect of multimode vibrational dynamics on charge transport through single molecule junctions. To this end, we have extended a nonequilibrium Green's function method, developed by Galperin et al., 33 to treat multiple vibrational modes in transport calculations. This method is based on a polaron transformation of the Hamiltonian and employs perturbation theory within a self-consistent scheme to solve the equations of motion for the nonequilibrium Green's function. In addition to the simulation of electronic properties such as the electronic current and the conductance, we have also outlined a scheme to calculate the average vibrational excitation in the stationary state using the nonequilibrium Green's function approach. The study in this paper was based on a model, which describes the vibrational degrees of freedom in the harmonic approximation. This approximation is well suited for small amplitude motion and low excitation energies. To investigate the influence of higher vibrational excitation and the possible dissociation of the molecular bridge, the approach has to be extended to include anharmonic effects. This will be the subject of future work.
Q α . For its determination we consider the steady state relations
which result in
Because the eigenvalues of the matrix 4W To treat the second term in Eq. (A3), we consider similar steady-state relations
Here, additional terms linear in the molecule-lead coupling V k appear. However, because all expectation values are taken at equal times, these terms cancel each other. This finding is closely related to the existence of a steady-state transport regime that preserves Kirchhoff's law, I L = −I R . Without the terms linear in V k , we can follow the same line of argument as for Q α , and obtain Q α c † c = 0.
Finally, to calculate a † α a α , we exploit the momentum correlation matrix D:
The expectation value Q α Q α can be rewritten in terms of P α P α and Q β Q β . For that purpose, we use the following steady-state relations 0 = i∂ Q α P α ∂t = iΩ α P α P α − iΩ α Q α Q α − 2i
where, based on the same argument as before, we have disregarded terms linear in V k . Using these relations, we obtain to second order in the system-bath coupling (O(U 2 αβ ))
Thereby, we disregard off-diagonal contributions P α P α , which turn out to be negligible. 
with
The bath modes remain in thermal equilibrium, for which Q β Q β = 1 + 2N B (ω β ) with N B (ω) the Bose distribution function.
